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Abstract 

We will show in this paper that if A is very close to 1, then 

I(M, A, m) = sup / ( e «»H^ -A^ 1 ^"' 1 )dV, 

u efl- 1 - n (Af),/ M |Vii|»dv=i^n k=1 

can be attained, where M is a compact manifold with boundary. This result gives a counter 
example to the conjecture of de Figueiredo, do 6, and Ruf in their paper titled "On a in- 
equality by N.Trudinger and J.Moser and related elliptic equations" (Comm. Pure. Appl. 
Math.,55:135-152, 2002). 

Keywords: Moser-Trudinger inequality, extremal function. 
MR (2000) Subject Classification: 58J05 



1 Introduction: 

np 

Recall the Sobolev embedding: H ,P (Q) L n -p(Q) where Q is a bounded domain in W 1 and 
V € (l,n). 

When p = n, the critical growth is given by the Moser-Trudinger inequality ([5]) which can 
be expressed as: 

sup / ( e Q H^ - l)dx = Cn(a)\n\, (1.2) 

then, denoting by to n -i the measure of unit sphere in R n , one has 

i 

c n (a) < +oo for < a < a n = nuj™z\ , 

c n (a) = +oo for a > a n . 

Unlike Sobolev inequalities, the extremal functions for (1.2) with a = a n exist generally. 
The first result for the existence of extremal functions belongs to Carleson and Chang ([1]) 
who proved that (1.2) is attained when £1 = -E>i(0) and a = a n . Their work has been extended 
to bounded domains by Flucher([3]) and K-C, Lin ([8]). 



In [2] de Figueiredo et. al. gave a new proof for Carleson-Chang's theorem. In fact, they 
got a generalized result which states that 



ueif^iMo^llVulUn^o)): 



r _ 
=1-/Bi(0) 



sup / (e^M- 1 -\\ u \ — )dx 



is attained for any A < a n . Moreover, they proved the following: 

Theorem A let F(t) = F(\t\) be a function increasing on M + which satisfies 

1 < F{t) < e a " 1*1^, and lim = 1, 



then either 

u6H^"(Bi(0)),/ fll(0) |Vu| 



sup / F(u)dx 

n = l JBi (o) 



can 6e attained, or 



sup / F(n)dx = e 1+1 / 2 +-+ 1 /( n - 1 ) + |5i(0)|. (1.3) 

Vu|n=l •ABl(O) 



ueHi^CBiCOjJJ^^IVtil 

de Figueiredo et. al. then raised the following open problem in [1]: 
Open problem: Show that 



sup / F(u)dV 



J Bi |V«|"=l,«e// ( 5' 2 (B 1 ) -/Bi 

zs no£ attained for F(t) of the form 

n 

F(t) =e a "W n ~ 1 -g(t), 

with 

lim — ^ ^ n = and g(t) > ct^ |i | . 

However, this problem is much more complicated than they expected, we will show in this 
paper that the open problem is not true when g(t) is very close to 

v — \ot n t n - 1 

9m{t) = 2^ rj • 

fc=i 

Let 

^A, m (t) = e a "l'l"- 1 -A 5m (t), 

and 

7(n,A,m)= sup / F X: m(u)dV, 

u£H^"(n)J n \Vu\dV=lJn 
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we shall prove that A, m) is attained when A is close to 1, in fact we shall prove it is 
attained even when f2 is a manifold. 

The author have adopted blow up analysis to study a similar problem. In [7] the author 
extended Carleson-Chang's result to compact Riemannian manifolds. With the same method 
in [7], we can also get a generalization of Theorem A as follows: 

Theorem 1.1: Let (M,g) be a compact Riemannian manifold with boundary. If I(M, A,m) 
can not be attained, then we have 

I(M,X,m) = ju(M) + ^ e «nS p +i+i/2+...+i/(n-i) j 

for some pGdM, where n(M) is the measure of M. 

Here we should explain what S p is. Let G p be the n-Lapalace Green function which is 
defined by 

-div(\VG p \ n - 2 VG p ) =S P 
G p \dM = 0. 

By the asymptotic expansion theorem in [4] (the author has shown in [7] that their proof still 
works on manifolds), the function G p {x) + log dist n (x , p) , is continuous at p. S p is just its 
value at p, i.e. 

S p = lim(G p (x) + — log dist n (x,p)). (1.5) 

Since the proof for Theorem 1.1 is the same as the one done in [7] (also in [6]), we only 
give an outline of the proof from which one can see the idea why we construct the function 
sequence (3.5). 

Then we will show that 
Theorem 1.2: I(M, 1, m) > fj,(M) + ^L e ^S v +i+i/2+-+i/{n-i) _ 

Clearly, the function /(A) = I(M, A, m) is continuous for fixed integer m, therefore we have 
Main Theorem: There is a constant Xq > 1, s.t. I(M,X,m) can be attained on [0, Ao). 

2 The outline of the proof for Theorem 1.1 

Let Uk € i?Q ,n (M) which satisfies Uk > 0, f M \ Vuk\ n dV g = 1 and 

/ (e* 3 ^- 1 - Xg m (u k ))dV g = sup / (e&M^ - Xg m (v))dV g , 

veH^ n {M)J M \Vv\^dV g =l-lM 

where is an increasing sequence which converges to a n . Then we have 
where 



A fe = / (uf-'e^r 1 -Xg' m u k )dV g . 
Jm 
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Let Cfc = maxuk(x), and x k — > p. Then using the same method in [7], we have p&dM. 

Take a normal coordinate system (£7, x) around p. Let r£ = — — n— , then we have 



r^. — > and 

n 1 n 

-jPkC%~ {u k {x k + r k x) - Cfc) -> -nlog(l + c n r™- 1 ) (2.1) 



n 

on any £?l(0), where c„ = ( !:: ^ i )™ TrT - 
Moreover, we can get 

c^xtfc-Gp (2.2) 

on any M \ -B^p) where G p is the Green function defined by (1.4). 
It follows from (2.1) that 



i 



sup F x>m (y)dV g = lim f ( e M u ^ -\g m (u k ))dV g = /i(M)+ lim 

Then Theorem 1.1 can be obtained from an estimate for \ . 



3 The proof of Theorem 1.2 : 

The following lemma will play an important role in our computation. 
Lemma 3.1 Let A t = {x € M : G p (x) > t}, then as t — > +oo, we have 



f 1 " 2 

/ > cv^Z\e~ ant+anSp (l + 0(e-™ ant )). 

J 8 At |VG P | 

^ (3-D 
By Holder inequality, we get 

(/ T^iT' 1 I \VG P r x dSt > \3A t \ n . (3.2) 

JdAt l v(jr pl JdA t 



IdAt I VLt P 

Proof: We have 

c 

^ -/9A t I VLt p 



Since VG P = on cL4 t , we have 

/ iVGpl"" 1 ^ = / |VG P |™- 2 ^ x ldS t = 1. 

Choose a normal coordinate system around p, then we are able to assume that g 
E(<^) 2 + 0(r 2 ), where r 2 = dist 2 (x,p) = £(x fc ) 2 . 

i k 

Set 

G p (x) = -— \ogr n + S p + H(x), 
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where H is a continuous function with H(0) = 0. Then for a point x € dAt, we have t = 
-±logr n (x) + S p + H(x),i.e. 



an f i anSp + H(x) 

r(x) = e n f n 

We can easily see that 

\M= I V\9\dx= [ (l + 0(r 2 ))dx = {l + 0{e- 2 -^ t ))L(A t ) 
J A t J A t 

where L(-) is the standard measure in R n . In the same way, we have 

\dA t \ = (l + 0(e~ 2 -^ t ))L(dA t ). 
Applying isopermetric inequality on W 1 , we get 

\dA t \^ > a n (l + Oie-^^Atl 

Thus, by (3.1), (3.2) we have 

d \ A t\ ^ „. n , rn^a^u 



dt 



>a n (l + 0(e-n^))\A t \. 



Hence, we have 



d(e ant \A t \ 
dt 



< 0(e-- ant )(e ant \A t \) = 0{e~- ant ) 



It is easy to see that lim e Q "*|j4 4 | = < ^ ± e anS ^, t j ien we get 

e ant \A t \ > ^-^e a " s p + 0(e~^ ant ). 

So, by (3.4) we have 



n 



d\A t 
dt 



n " 2 



Now, we are able to construct a function sequence {u e } C (M) which satisfies 

/ Fi, ro (u e )d^ > M(M) + ^ e ^5 P +l+l/2+...+/l(n-l)_ 
Jm n 



Let 



/ e (t) = { 



(n-l)log(l+c n e V )+A e 

C e t>t = -£log(L e e) r 



t 



*<*o = -^-log(L e er 



(3-3) 



(3-4) 



□ 



(3-5) 
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where A e ,C t ,L e will be defined later ( by (3.6), (3.7), (3.10)), which satisfy 
i)L € — > +oo, C e — > +oo, and L e e — > 0, as e — > 0; 

;nr , (n-l)log(l+c n L e ^T)+A e _ -^r lQ g( L ^)" . 
n J^e 1 — 1 j 

ih)^£f- -» 0, as 0. 

Set it e = f e (G p ), we have ii e G i? 1 '™ because of ii). 

Remark 3.1: When M = B\(0), the expression of u e will become quite simple: 



c £ - 



(n-l)log(l+c„|f h-i)+A E 



log r n 



a„C £ »- 



Ixl > Le. 



We have 



and 



Since 



f AC \Vu t \ n dV g 

*0 



-|VG„|"dK 

JA t C e ^T ^' ^ 



= la 



WAt c ^ n 
— n 



\X7/~i \n~2dGp 

I VCt pI -mr 



L \Vu^dV g 



;~l/'(t)l»cft = ;~ 



n-l 



It 







(l+«) r - 



«nC e ™ 

n-l rc n L e ^ 

7J — / 

CtnCe 

n-l 



*F Jo 



2 C^_ 1 (-l)"- 1 - fe 



(it = C n '- 

du 



H log(l +CnL«-l) +0( n _s 



n-l 



a n C t " 
n-l 



„-(l + 1/2 + 1/3 + • • • + l/(n - 1)) 



*-log(l +C n L e "-l) +0( n 1 n- ), 



where we use the fact 



^ ^(-l)"- 1 ^ 1 1 

~2J , , — = ! + - + ••• + 

fc=0 



n — k — 1 



n — 1 
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We get 



J M \Vu £ \ n dV g = _^-{-(n-l)(l + l/2 + -.. + l/(n-l)) 



+(n - 1) log(l + c n L t —^) - log(L e e)« + 0{L~^)}. 
Set J M \X7u e \ n dV g = 1, we have 

a n C e ^ = -(n-l)(l + l/2 + --. + l/(n-l)) 

n 

+ log d^r 1 )"- 1 _ log e « + 0(L e -^) 
= -(„-l)(l + l/2 + ... + l/(n-l))+ 
log^-\oge n + 0(L- — ). 



(3.6) 



By ii), we get 



A e = -(n - 1)(1 + 1/2 + • • • + l/(n - 1)) + 0{L~—). (3.7) 



Next, we compute J M e a ^\ u ^~ T dV g . 

n 

Clearly, ip(t) = |1 — tj™- 1 — ^ryi is increasing when < t < 1 and decreasing when t < 0, 
then 

n fl 

|1 - t\~ > 1 i w/iera t < 1, 

n — 1 

thus when t > io 5 we have 

_ Q n t 

(n-l)log(l+c K e V 1 )+A. „ 



(n-1) log(l+c n e " n )+A e 



(3.8) 



Applying Lemma 3.1 ,we have 

re re 

— Qn j. 

roo a„C E ^T-nlog(l+c n ^lI^)-^_A e 
> 4 e e ^ 

re ^ 

= (i + O( e - 2 ^ l * ))e a " Cei ^ I+a " fi *"^ Ae 

roo e-°"* tn^Jt 
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Clearly, 



TOO 
Jto 



(l+C^A^)" 



c n L e »-i M "- 2 

(l+u) n du 



(U = C n n ) 



= e n (l+0(L e -^)). 



du 



Here, we used the fact 



m ( -\\m—k 

J2 ( " ■ = & 



i 



k=0 



m — k + 1 



m + 1 



Then, applying (3.6) and (3.7), we have 

n 

r e a„|« e |^^y > ^n-l e c, n g p+ l+l/2+-+l/(n-l) 

x(l + 0((L ee ) 2 ))(l + 0(Lr^)) 

_ Wn-i c ar,.S r +l+l/2+-+l/(n-l) | 

+0((L ee ) 2 ) + 0(Lr^). 
From hi), it follows that ^ < ti e U to < 2C e . Hence, we have 



/ 



g m (u e ) = 0(Cr 1 L 2 e 2 ). 

JA H) 

Moreover, we have 

n 

( e «nKh-i -g m (u e ))dV g > n{M) -fi(A t0 ) + 



L 



*0 



a 



m+l 



A c o (m + l)\ 



Gr, 



n(m + l) 



dVg, 



thus, we get 

n 

j M ( e ^\uA^ -g m ( Ue ))dV g 

> n{M) + i^l e anSp+l+l/2+-+V(n-l) + 

Ja ? r|Sy 1^1^^ + 0(^L 2 6 2 ) + O(0M 2 ) + 0(L e ^ 

*0 v c e 11-1 



(3.9) 



: ^i(M) + e an5 P +l+l/2+-+l/(n-l) + 

( f A c Q K< ^ +1 j, ^ g + 0(C e (^F(L ee ) 2 ) + 0(C e <^L e — ) 



Let 



L e = (-loge 



,m+l 



(3.10) 
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then as e — > 0, we have 

n(m+l) n n(m + l) 1q„- 7" 

QT^TFLr^ -> 0, C e ~&-V T (L e e) -» and —V -» 0. 
Therefore, i),ii),iii) holds and we can conclude from (3.9) that 

/ F l;m {u e )dV g > /i(M) + ^ e an5 P +l+l/2+...+l/(n-l)_ 

Jm n 
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